While the concepts of RSSR-SS motion generation, order defect elimination and branch defect elimination have all been well-researched over the years (individually and in combination), a major challenge exists when considering a general RSSR-SS optimization model for motion generation in the mathematical analysis software Matlab. To overcome this challenge, this work presents a small-scale nonlinear equation system for RSSR-SS motion generation. The equation system also includes inequality constraints to eliminate order defects and branch defects.
Introduction

The Spatial RSSR-SS Mechanism
The spatial Revolute-Spherical-Spherical-Revolute-Spherical-Spherical or RSSR-SS mechanism ( Fig. 1 ) is a particular type of spatial multi-loop mechanism. Because this mechanism includes three dyads (2 R-S dyads and 1 S-S dyad), it is more structurally sound than single loop four-link spatial mechanisms and subsequently, is more capable of supporting rigid-body loads. The RSSR-SS mechanism is one of the more basic multi-loop mechanism configurations and can potentially can offer simpler design alternatives to applications that are achievable by more complex and costly parallel manipulators (Dasgupta and Mruthyunjaya, 2000) .
Fig. 1 The spatial RSSR-SS mechanism
Selected Publications on Spatial Multi-Loop Mechanism Analysis and Synthesis
In recent decades, several works were published in the areas of spatial multi-loop mechanism analysis and synthesis. The work of Sandor et. al. considers RSSR-SS motion generation with branching and sequence constraints (Sandor et al, 1986) . In their work however, the user is limited to four precision positions for RSSR-SS synthesis. Russell and Sodhi considered adjustable RSSR-SS motion generation for finite and multiply-separated positions Sodhi, 2003a, 2003b) . These works however do not consider RSSR-SS branch defect elimination or order defect elimination. Shen et. al. presented analytical displacement and velocity equations for the RSSR-SS mechanism (Shen et al, 2012) . Though this work includes the RSSR-SS mechanism, the research scope is mechanism analysis rather than mechanism synthesis. The works of both Zsombor-Murray and Cervantes-Sanchez (Zsombor-Murray and Cervantes-Sanchez, 2002) and Sodhi, 2004, 2005) considered the analysis and synthesis of the Revolute-Spherical-Spherical-Revolute-Spherical-Cylindrical or RSSR-SC mechanism. The RSSR-SC mechanism however is distinct from the RSSR-SS mechanism and their works do not consider branch defect elimination or order defect elimination also.
Scope of Current Work
To overcome the challenge (in the mathematical analysis software Matlab) presented by a general RSSR-SS optimization model for motion generation, this work presents a small-scale RSSR-SS optimization model for motion generation. Being a small scale optimization model, it can be successfully and efficiently prepared and run in Matlab on a low-end laptop computer. In addition, the latter optimization model includes constraints for branch and order defect elimination (Mallik et al, 1994) .
The RSSR-SS Displacement Model
Because the general RSSR-SS motion generation model includes the RSSR-SS displacement model, it is important to provide a brief summary of the latter model for the reader in this section. Shen et. al. presented an analytical displacement model for the RSSR-SS mechanism (Shen et al, 2012) . This model includes the displacement equations for the RSSR loop (mechanism loop 0 1 1 0 ---a a b b in Figure 2 ) by Suh and Radcliffe (Suh and Radcliffe, 1978) .
The rotation of links 0 1 -a a and 0 1 -b b about their fixed pivot joint axes by rotation angles  and  respectively are given by (Fig. 2) (Shen et al, 2012) . These equations are
In Eqs. (3) and (4) (Shen et al, 2012) . For the rotation angle  , This concludes the summary of the RSSR-SS displacement model. For a more complete and detailed description of this model, the reader can refer to the reference by Shen et. al (Shen et al, 2012) . 
The General RSSR-SS Motion Generation Model
A general motion generation model for the RSSR-SS mechanism can be formulated from the RSSR-SS displacement model. This model is comprised of an objective function and a group of equality constraints. Because the goal in motion generation is to achieve or approximate a group of rigid-body positions, an objective function to minimize the error between the precision positions and the positions achieved by the synthesized RSSR-SS mechanism is formulated. For motion generation given a group of N precision positions, this objective function is
where the unknown RSSR-SS variables are Equations (9) through (15) are the constraints that accompany the objective function. Equations (9), (12) and (15) are constant length constraints for RSSR-SS links 0 1 -a a , 0 1 -b b and 0 1 -c c respectively (Fig. 2 ). These equations also include Eqs. (1), (2) and (3) from the RSSR-SS displacement model respectively (to calculate displaced RSSR-SS moving pivot variables a , b and c ).
Equations (10) and (13) are orthogonality constraints for RSSR-SS links 0 1 -a a and 0 1 -b b (Fig. 2) . These constraints include Eqs. (1) and (2) from the RSSR-SS displacement model respectively (to calculate displaced RSSR-SS moving pivot variables a and b ). Lastly, Eqs. (11) and (14) 
So by incorporating the RSSR-SS displacement model, this general RSSR-SS motion generation model allows for the direct minimization of the error between the precision positions and the positions achieved by the synthesized RSSR-SS mechanism by solving for the unknown RSSR-SS mechanism design variables. Unfortunately, the formulated RSSR-SS motion generation model, presents a significant challenge, particularly in the commercial mathematical analysis software Matlab. When expanded algebraically, the scale of Eq. (8)-the objective function, is immense. Having an immense scale makes the formulation of the Hessian and Gradian matrices via the Trust Region Interior-Reflective Newton Method (Nocedal and Wright, 2006 , Han, 1977 , Powell, 1978 in Matlab an extremely time-consuming and subsequently impractical task. For example, the problem in Section 5 could not be prepared for solution calculation given 48 hours of runtime (with the general RSSR-SS motion generation model) using a 32 bit version of Matlab on a Windows-based laptop computer having a dual-core processor and 2Mb RAM. 
Small-Scale RSSR-SS Motion Generation Model
So in light of the challenge associated with the general RSSR-SS motion generation model in Matlab, there is a need to produce a small-scale RSSR-SS motion generation model. For the small-scale model, an objective function is formulated from the summation of Eqs. (16) and (17) for precision positions 2 N  . These equations are constant length constraints for the R-S dyads 0 1 -a a and 0 1 -b b (Fig. 2) . Matrix 1 j D     is a displacement matrix formed from the initial rigid-body position coordinates 1 p , 1 q and 1 r , and the displaced coordinates (marked by j p , j q and j r ). Equations (1) and (2) are included in Eqs. (16) and (17) respectively (to calculate displaced RSSR-SS moving pivot variables a and b ). 
Like the general RSSR-SS motion generation model, the small scale model includes orthogonality constraints for links 0 1 -a a and 0 1 -b b (Eqs. (19) and (21) (24) and (25) respectively). Equations (1) and (2) are included in Eqs. (24) and (25) respectively (to calculate displaced RSSR-SS moving pivot variables a and b ).
This model also includes several types of inequality constraints to eliminate order defects and branch defects (Mallik et al, 1994) . Inequality (26) ensures order defect elimination by constraining the order of the driving link (link 0 1 -a a ) rotation angle to a continually ascending or descending order. Inequality (27) considers branch defects in the RSSR-SS mechanism loop 1 1 0 --a b b . Inequality (28) is an additional branch defect constraint that considers branch defects in the RSSR-SS mechanism loop   0 1 1 1 -1 2  c ca b . Like Inequality (27), a change in branch would result in a change in sign in the cross-products in Inequality (28). By constraining these cross-products to a positive value, Inequalities (27) and (28) constrain the RSSR-SS motion generator to a single branch.
For the small-scale RSSR-SS motion generation model, the unknown variables to be calculated are Table 1 includes the values of j p , j q and j r for 7 component positions (Fig. 3) . The goal in this example is to synthesize (using the small-scale RSSR-SS motion generation model) a branch and order defect-free RSSR-SS motion generator to approximate these precision positions. Table 2 Table 3 includes the positions achieved by the synthesized motion generator (Fig. 4) . From the data given in Tables 2 and 3 , it can be observed that the calculated mechanism solution is free of order and branch defects. Because the calculated crank displacement angles (angle  ) in Table 2 are sequential and produce the rigid-body positions in Table 3 , the mechanism is order defect-free over the crank rotation range. Because the calculated mechanism displacement angles (angles j  and j  ) in Table 2 are continuous, the mechanism is branch defect-free over the crank rotation range. Because the small-scale RSSR-SS motion generation model does not fully incorporate the RSSR-SS displacement model, circuit defect elimination (Norton, 2008) is not ensured (but is possible through trial and error). For example, a displacement analysis reveals that the RSSS-SS motion generator solution is circuit defect-free over the calculated crank rotation range. 
Example
Discussion
As noted throughout this work, the small-scale (and to some degree, the large-scale) RSSR-SS motion generation equation system with branch and order defect elimination was implemented in the mathematical analysis software Matlab. While the RSSR-SS equation systems presented in this work can be implemented in any software capable of solving nonlinear equation systems (comprised of an objective function, equality constraints and inequality constraints), Matlab is one such software. The technical value offered by Matlab is the ability to calculate solutions for the type of equation systems presented in this work. However, even though Matlab is suitable for the small-scale RSSR-SS model, it is only theoretically suitable for the large-scale model in Sections 2 and 3 due to its immense scale.
Conclusion
The small-scale RSSR-SS motion generation model presented in this work was used to synthesize a RSSR-SS motion generator to approximate a group of 7 precision positions. As intended by the constraints included in the motion generation model, the synthesized mechanisms is free of branch and order defects over the calculated crank rotation range. Circuit defect elimination over the crank rotation range was also reached (although the small scale model does not include any constraints to guarantee circuit defect elimination). The RSSR-SS motion generator solution was calculated using the mathematical analysis software Matlab in 2248 solution iterations of the Trust Region Interior-Reflective Newton Method and in 2146 seconds on a 32 bit Windows-based laptop computer with 2Gb of RAM. Compared to the general RSSR-SS motion generation model, the small-scale model is by far more practical in terms of solution calculation time-particularly on low-end laptop computers.
